Let φ(x) = |1 − 1 x | for all x > 0. Then we extend φ(x) in the usual way to become a continuous map from the compact topological (but not metric) space [0, ∞] onto itself which also maps the set of irrational points in (0, ∞) onto itself. In this note, we show that (1) on [0, ∞], φ(x) is topologically mixing, has dense irrational periodic points, and has topological entropy log λ, where λ is the unique positive zero of the polynomial x 3 − 2x − 1; (2) φ(x) has bounded uncountable invariant 2-scrambled sets of irrational points in (0, 3); (3) for any countably infinite set X of points (rational or irrational) in (0, ∞), there exists a dense unbounded uncountable invariant ∞-scrambled set Y of irrational transitive points in (0, ∞) such that, for any x ∈ X and any y ∈ Y , we have lim sup n→∞ |φ n (x) − φ n (y)| = ∞ and lim inf n→∞ |φ n (x) − φ n (y)| = 0. This demonstrates the true nature of chaos for φ(x) (see [2, 6, 7] ).
Introduction
Let I denote an interval in the real line and let f be a continuous map from I into itself. It is well-known that if f has a periodic point of period not an integral power of 2 then there exist a positive number δ and an uncountable set S such that for any x = y in S, lim sup n→∞ |f n (x) − f n (y)| ≥ δ and lim inf n→∞ |f n (x) − f n (y)| = 0.
Such a set S is called a δ-scrambled set of f . When the inequality in (*) holds for all positive numbers δ (we follow the convention that | ± ∞± any real number| = ∞ and ∞ > any real number), we call such set S an ∞-scrambled set. Can this scrambled set S be chosen to be invariant under f ? That is, can f (S) ⊂ S? The answer is no in general. This is because if c is a point in I such that lim inf n→∞ |f n (c) − f n (f (c))| = 0, then the ω-limit set ω(f, c) of c must contain a fixed point of f , where the ω-limit set ω(f, c) of a point c is the set of all points x with the property that there is an increasing sequence < n i > of positive integers such that lim i→∞ f n i (c) = x. This fact is useful in constructing examples of maps without invariant scrambled sets. For example, let g be the continuous map from [0, 1] onto itself such that (i) g(0) = 1, g(1) = 1/2, and g(1/2) = 0; (ii) g(1/6) = 1/3 and g(1/3) = 1/6; and (iii) g is linear on each of the intervals [0, 1/6] , [1/6, 1/3] , [1/3, 1/2] and [1/2, 1] . Then the point x = 1/4 is the unique fixed point of g and every point in (1/6, 1/4) ∪ (1/4, 1/3) is a period-2 point of g. Therefore, g has no invariant scrambled sets although g has the period-3 orbit {0, 1/2, 1}. On the other hand, if f is turbulent, i.e., if there exist two compact subintervals I 0 and I 1 of I with at most one point in common such that f (I 0 ) ∩ f (I 1 ) ⊃ I 0 ∪ I 1 , then we can find such an invariant scrambled set [1] . In studying the periodicity and convergence of the second-order difference equation x n+1 = |x n − x n−1 |, Sedaghat [3, 4] introduced the following interval map, see Figure 1 ,
and showed, among other things, that φ(x) has uncountable scrambled sets. Following the work of Sedaghat [3, 4] , we may ask the following two questions:
(1) Does φ(x) have bounded uncountable invariant scrambled sets ?
(2) Does φ(x) have unbounded uncountable invariant scrambled sets ?
In this note, we shall answer both questions afirmatively. We shall also show that for any countably infinite set X of points (rational or irrational) in (0, ∞), there exists a dense unbounded uncountable invariant ∞-scrambled set Y of irrational transitive points (transitive points are points with dense orbits) in (0, ∞) such that for any x ∈ X and any y ∈ Y , we have lim sup n→∞ |φ n (x) − φ n (y)| = ∞ and lim inf n→∞ |φ n (x) − φ n (y)| = 0. For these purposes, we shall use symbolic dynamics.
Symbolic dynamics
Let Σ 2 = {β : β = β 0 β 1 · · · , where β i = 0 or 1} be the metric space with metric d defined by
Let σ be the shift map defined by σ(β 0 β 1 β 2 · · · ) = β 1 β 2 · · · . Then σ is a continuous, two-toone map from Σ 2 onto itself. In the sequel, for any finite sequences β 0 β 1 β 2 · · · β k , k ≥ 2, of 0's and 1's, we also define σ( Since φ(I 0 ) = I 0 ∪ I 1 and φ is strictly decreasing on I 0 , we can split I 0 up into two compact subintervals I 00 and I 01 with one point in common such that φ(I 0i ) = I i = I σ(0i) , i = 0, 1. Since φ(I 1 ) = I 0 which is disjoint from the interior of I 1 , we cannot have two proper compact subintervals I 10 and I 11 of I 1 such that φ(I 1i ) = I i , i = 0, 1. However, since φ(I 1 ) = I 0 = I 00 ∪ I 01 and φ is strictly increasing on I 1 , we can split I 1 up into two compact subintervals I 100 and I 101 with one point in common such that φ(I 10i ) = I 0i = I σ(10i) , i = 0, 1. Therefore, although we cannot split I 1 up into two compact subintervals I 10 and I 11 with one point in common such that φ(I 1i ) = I i , i = 0, 1, we can split I 1 up into two compact subintervals I 100 and I 101 (subscripts obtained by inserting the number 1 before each of 00 and 01) with one point in common such that φ(I 10i ) = I 0i , i = 0, 1. Similarly, we can continue with the above procedures (see Figure 2 ) as follows:
(1) since φ is strictly decreasing on I 0 = [0, 1] and φ(I 0 ) = [0, ∞] = I 100 ∪ I 101 ∪ I 00 ∪ I 01 (in that order which is obtained from Steps 2 and 1 or, (2n) th and (2n−1) st steps in Figure  2 from right to left), we can split I 0 up, from left to right, into four compact subintervals with pairwise disjoint interiors, I 0100 , I 0101 , I 000 , I 001 (obtained by inserting a 0 before the "previous" four subscripts) such that I γ 0 γ 1 ···γn i ⊂ I γ 0 γ 1 ···γ n i −1 and φ(I γ 0 γ 1 ···γn i ) = I γ 1 γ 2 ···γn i wherever defined, and the union of all these intervals is [0, 1], (2) since φ is strictly increasing on I 1 = [1, ∞] and φ(I 1 ) = [0, 1] = I 0100 ∪I 0101 ∪I 000 ∪I 001 (in that order which is obtained from Procedure 1, i.e., Step 3 or (2n+1) st step in Figure 2 from left to right), we can split I 1 up, from left to right, into four compact subintervals with pairwise disjoint interiors, I 10100 , I 10101 , I 1000 , I 1001 (obtained by inserting a 1 before the "previous" four subscripts) such that I γ 0 γ 1 ···γn i ⊂ I γ 0 γ 1 ···γ n i −1 and φ(I γ 0 γ 1 ···γn i ) = I γ 1 γ 2 ···γn i wherever defined, and the union of all these intervals is [1, ∞], (3) repeat Procedure 1 first and then Procedure 2 indefinitely.
and, for any finite sequence
st step, then I 10γ 1 γ 2 ···γn i is defined at (2n) th step, and
nd step, while if I 1γ 1 γ 2 ···γn i is defined at (2n) th step (and so
is split up into the union of 2 n compact subintervals with pairwise disjoint interiors and each of these 2 n intervals is split up at the next step into the union of two compact subintervals with disjoint interiors. Let Γ = {γ = γ 0 γ 1 γ 2 · · · ∈ Σ 2 : if γ j = 1 then γ j+1 = 0}. Then Γ is a subshift of finite type and, for any γ = γ 0 γ 1 γ 2 · · · = 100 in Γ (100 stands for the sequence of repeating 100 in Γ and note that I 100 = {∞}), the sequence < I γ 0 γ 1 γ 2 ···γn i > i≥1 , wherever I γ 0 γ 1 γ 2 ···γn i is defined, is a nested sequence of compact intervals in [0, ∞). Therefore, the set I γ = ∩ i≥0 I γ 0 γ 1 γ 2 ···γn i is either a nontrivial compact interval or consists of exactly one point and φ(I γ ) = I σγ for each γ ∈ Γ. However, since each rational point in [0, ∞) is mapped to the point 0 after a finite number of iterations of φ [3] , it is clear that each I γ actually consists of exactly one point. In the sequel, we write this point as x γ . So, I γ = {x γ }. Since φ(I γ ) = I σγ for each γ ∈ Γ, we obtain that if σ m (γ) = γ for some γ ∈ Γ, then φ m (x γ ) = x γ . We note in passing that this correspondence γ → x γ from Γ to [0, ∞] is not one-to-one, but is onto. For each rational number s > 0, there are exactly two distinct γ (1) , γ (2) in Γ such that I γ (1) = I γ (2) = {s}. For example, I 0010 = {1} = I 1010 . However, we don't need this information later on.
We remark that, since φ(x) is a very special map, we can actually compute these compact intervals I γ 0 γ 1 ···γn i explicitly. They are related to Farey sequences in the way that, if st step (see Figure 2 ). However, we don't need this information to achieve our goal.
The extended map φ(x) is topologically mixing, has dense transitive irrational points and has dense irrational periodic points in [0, ∞]
Let V be a nonempty open interval in (0, ∞), then there exist an irrational point w in V and an element γ = γ 0 γ 1 γ 2 · · · in Γ such that I γ = {w}. Since there exists a strictly increasing sequence < n i > of positive integers such that
. This implies trivially that the extended map φ(x) is topologically mixing on [0, ∞]. Later in section 6, we shall see that φ(x) has dense transitive irrational points in [0, ∞]. Finally, since each rational point in (0, , 1} is a period-3 orbit of f and it is well-known that the topological entropy of f is log λ, where λ is the unique positive zero of the polynomial x 3 − 2x − 1. In this section, we shall show that φ is topologically conjugate to the map f and so φ also has entropy log λ. 
Furthermore, if we write, for each integer n ≥ 1,
(c) φ(a 2 n +i,n /b 2 n +i,n ) = a i,n /b i,n for all 0 ≤ i ≤ 2 n−1 (by (a) and (b));
Now for each positive integer n, we define a continuous piecewise linear map Now since I γ consists of exactly one point for each γ = γ 0 γ 1 γ 2 · · · ∈ Γ and φ(I γ 0 γ 1 γ 2 ···γn i ) = I σ(γ 0 γ 1 γ 2 ···γn i ) , wherever I γ 0 γ 1 γ 2 ···γn i is defined, it is easy to see that if γ and γ(m), m ≥ 1, are points in Γ such that lim m→∞ γ(m) = γ, then lim m→∞ x γ(m) = x γ . It is also easy to see that I 0 = {( √ 5−1)/2} where z = ( √ 5−1)/2 is the unique fixed point of φ(x), I 10 = {(3+ √ 5)/2}, I 010 = {0}, I 001 = {1}, and I 100 = {∞}. This fact will be needed below.
φ(x) has bounded uncountable invariant 2-scrambled sets in [0, 3]
The existence of bounded uncountable invariant δ-scrambled sets for some δ > 0 follow easily from Theorem 3 of [1] . Here we use symbolic dynamics to give a different proof. For each
where 0 2 = 00, 0 3 = 000, etc., and for each k ≥ 5,
is the concatenation of the following k strings of 0's and 1's, each of length k!,
) is a bounded uncountable invariant subset of [0, 3] . If η = η 0 η 1 η 2 · · · and ξ = ξ 0 ξ 1 ξ 2 · · · are any two points (need not be distinct) in Σ 2 and if i ≥ 1 and m ≥ 0 are fixed integers, then, for each k > i + m + 5, we have
As k tends to ∞, the sequence < 10 k!−2 · · · > tends to the point 10 and the sequence < 0 k!−2−i · · · > tends to the point0. Since lim n→∞ I 0 k!−2−i ··· = I 0 = {( √ 5 − 1)/2} = {x 0 } = {the unique fixed point of φ} and lim n→∞ I 10 k!−2 ··· = I 10 = {(3 + √ 5)/2} = {x 10 } = {the unique inverse image in (1, ∞) of the unique fixed point of φ}, we obtain lim sup
Therefore, we have proved the following result:
) is a bounded uncountable invariant 2-scrambled set for φ(x).
6. φ(x) has dense unbounded uncountable invariant ∞-scrambled sets Let k ≥ 5 be a fixed integer. We call any finite sequence β 0 β 1 β 2 · · · β k of 0's and 1's admissible if β i = 1 and i < k then β i+1 = 0. There are countably infinitely many such admissible finite sequences of 0's and 1's. Let B 1 , B 2 , · · · , B n , · · · be an enumeration of these admissible finite sequences with B n = β n,0 β n,1 β n,2 · · · β n,kn−1 , n ≥ 1. Let m 1 , m 2 , · · · be a strictly increasing sequence of positive integers such that (
for all i ≥ 1 and α = 0 elsewhere. Then it is clear that α is a totally transitive point of σ in Γ = {γ = γ 0 γ 1 γ 2 · · · ∈ Σ 2 : if γ i = 1 then γ i+1 = 0}, i.e., for each integer n ≥ 1, the orbit of the point α with respect to the map σ n is dense in Γ.
Let α = α 0 α 1 α 2 · · · be a totally transitive point of σ in Γ (and so if I α = {x α } then x α is a totally transitive point of φ in (0, ∞)). Let X = {x(1), x(2), x(3), · · · } be any countably infinite subset of irrational points in (0, ∞). For each integer m ≥ 1, we can write {x(m)} = I γ (m) for an unique
· · · in Γ. For any integers m ≥ 1 and 5 ≤ i < j such that j − i + 1 is a multiple of 3, let Note that, in C(x(m), i : j) and in C * (x(m), i : j), the last element is 0 so when we concatenate C's with C's or with C * 's, we won't have the finite string · · · 11 · · · . For simplicity, for b = 0 or 1, we write (b00) 1 = b00, (b00) 2 = b00 b00, and so on.
For any β = β 0 β 1 β 2 · · · in Σ 2 , define a new point τ β = τ β (α, X) in Γ as follows and let
is the concatenation of the following 2k strings of 0's and 1's, each of length
In the following, we shall use the fact that I 100 = {∞}, I 001 = {1}, I 010 = {0}, and if γ and γ (n) , n ≥ 1, are points in Γ such that lim n→∞ γ (n) = γ then lim n→∞ φ(x γ (n) ) = x γ , where I γ (n) = {x γ (n) } and I γ = {x γ }. Now in the expansion of τ β , β ∈ Σ 2 , (1) there are infinitely many strings α 0 α 1 α 2 · · · α k!−1 , k ≥ m, which imply, for each i ≥ 1, the denseness of the orbit (under φ i ) of the point x τ β in (0, ∞),
there are infinitely many strings (β 0 00)
for any i ≥ 1, there are infinitely many strings 0
which imply that, for any integer i ≥ 1,
and since this string also contains long strings of 0's, i.e., 0 k!/4 , k ≥ 5, we obtain lim inf n→∞ |φ n (x τ β ) − φ n (φ i (x τη ))| = 0 for any β, η in Σ 2 and i ≥ 0, (4) for any positive integers i and j, there are infinitely many strings
for any positive integers i and j, there are infinitely many strings
which, since x 0γ 1 γ 2 ··· ≤ 1 ≤ x 1γ 1 γ 2 ··· and lim k→∞ I (100) k = {x 100 = ∞}, imply that lim sup
Now, if r is a rational number in [0, ∞), then, by [3] , for some integer m ≥ 0, φ m (r) = 0 which is a period 3 point of φ. For each β in Σ 2 , the iterates of the point x τ β approach the fixed point z = ( √ 5 − 1)/2 infinitely often and stay close to it for a while each time. This implies that lim sup n→∞ |φ n (r) − φ n (x τ β )| = ∞. Furthermore, since, for all k > 12,
the sequence < σ 3n (τ β ) > approaches each of the three points 100, 001 and 010 infinitely often and so the sequence < φ 3n (x τ β ) > approaches each of the three points ∞, 1, 0 infinitely often. Since, for some m ≥ 1, φ m (r) = 0 and 0 is a period-3 point of φ(x), this implies that lim inf n→∞ |φ n (r) − φ n (x τ β )| = 0 (if f 3n (r) = ∞ and φ 3n (x τ β ) ≈ ∞ then φ 3n+1 (r) = 1 and φ 3n+1 (x τ β ) ≈ 1). Therefore, we have shown the following result: In the above result, we consider φ(x) as a continuous map from the compact topological (but not metric) space [0, ∞] onto itself under the convention that | 1 0 | = ∞, 1 ±∞ = 0, and | ± ∞ ± any real number| = ∞. It is easy to see that the dynamics of φ(x) on the rational points in [0, ∞) are not interesting [3, 4] because they all go to the period-3 orbit {1, 0, ∞} after a finite number of iterations. All interesting dynamics occur in the invariant set R + \ Q + of irrational points of (0, ∞). Consequently, we can consider the dynamics of φ(x) on the set R + \ Q + which is a metric space under the usual distance metric. Within this context, Theorem 2 has a very important consequence: given any irrational point x in R + \ Q + , then at just about everywhere in R + \ Q + , whether it is close to x or far away from it we can always find an irrational point y (in the dense set Y ) whose iterates satisfy lim sup n→∞ |φ n (x) − φ n (y)| = ∞ and lim inf n→∞ |φ n (x) − φ n (y)| = 0. This demonstrates the true nature of chaos [2, 6, 7] , i.e., not only nearby points will separate (sensitivity) and converge infinitely often but even far apart points will also converge and separate infinitely often.
